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A GRADIENT INDEX OPTICS APPROACH TO
ATMOSPHERIC REFRACTION

Robert P. Cunico
Department of Physics
Rochester Institute of Technology
Rochester, NY 14623

ABSTRACT

A numerical approach to the problem of atmospheric refraction was undertaken using the
methods of Gradient Index Optics as an exercise in FORTRAN modeling. A model of the
Earth's atmosphere was conceived to predict the apparent change in altitude of a point
source due to refraction as observed at sea level. The model was able to predict the angu-
lar change in altitude to within 0.77% for rays with an observed elevation of greater than
5° and to within 11% for elevations between 1° and 5°. For lower elevations, the model
deviated significantly from reality due to imprecision in the model of the atmospheric

pressure gradient above 8x104 m.

INTRODUCTION
This paper is an exploration of computer model-
ing of physical phenomena, with the subject
matter chosen to correspond to the author's per-
sonal interest. The Gradient Index approach of
calculating the optical path in a complicated me-
dium involves using a continuous or piecewise
continuous function to represent a media's index
of refraction. This method was chosen because
of the novelty of the approach and the numerical
analysis challenges it presented.

Theory
To determine the path s of a ray of light through
a variable index of refraction n(s) it is appropri-
ate to employ Fermat's principle: a light ray go-
ing from point s, to s must form an optical path
length L which is stationary with respect to vari-
ations of that path; [, = 0, where

Bob graduated in March of 1990 and is present-
ly working at Kodak. He hopes to start gradu-
ate work in Optics in the Fall.

L=J' n(s) ds . (1)

When considering a radially symmetric index of
refraction n(r) and all rays coplanar with the ori-
gin of the refractive medium, it is sufficient to
adopt a plane polar geometry. Using the Pytha-
gorean theorem on an infinitesimal element of a
typical ray as shown in Figure 1, one finds that

ds=(1+r0%)"?ar . )

where the dot represents differentiation with re-
specttor.

Substituting Equation 2 into Equation 1 gives
the integral in terms of r and 6;

L=rn(r) (1+r? éz)mdr
S (3)

The conditions under which Equation 3 is sta-
tionary are found using Euler's theorem. Choos-
ing r to be the independent variable with 6 and 6
as the dependent variables gives the Euler equa-
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Figure 1.
Geometry of a light ray passing through the Earth's at-
mosphere. Light from a distant source impinges upon the
upper atmosphere and is refracted through an angle AB to
an observer at O', The ray is initially parallel to the line
O'B outside the atmosphere, but is bent gradually until it
is parallel to the line O'A at O'.

tion for the integrand as

44100 (14262

dr 46

. @)
—;—e[n(r)(1+r292)m]=0,

which simplifies to

%{ a0 20 (1+202) 2 3=0, ©

or

nm)r*0 (1+1°6? YME ; (6)

where e is constant for all points along the actual
path taken and therefore is assigned a value e.
By solving Equation 6 for 6 and substituting
this into Equation 3, one obtains an expression
for the change in elevation of the ray's tangent
as it propagates fromr,, to r as seen at O system
in Figure 2;

f dr
_ ‘?
A6 e‘[or[nz(r)_czlm : @)

Examining Figure 1, one finds that Equation 6
can be greatly simplified by use of:

. de 8
smw—r-a;-—r? (8)
=ré)(l+ rzéz)m.

Comparing the above with Equation 6 gives the
more useful expression:

e =% n(r) r siny, ©)

with e having the same sign as 6 and where y is
the angle between ds and dr. !

For light traversing the Earth's atmosphere from
some infinitely distant source, AB represents the
rotation of the ray tangent as seen at the Earth's

center. The angle of elevation of the ray tangent

B(r) is given by:

tan PB(r) = tan 6(r) — ro—rbs secb) , (10

where 1, is the radius to the intersection of the
ray and the line OZ in Figure 2. Thus the angle
v is just the difference between 6(r) and B(r) for

Zenith

o | Observer's
Horizon
o
Figure 2

Detail of Figure 1, highlighting the geometry of a infini-
tesimal ray element.The angle subtended at O by an in-
finitesimal element of the ray's path ds, should not be
confused with A8 (not shown), the angle through which
the ray is refracted as seen at O.
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any point along the ray and B(r

parent elevation of the source atr
(observer's) system of Figure 2.

) was the ap-
s inthe O'

To find the change in elevation due to refraction
AP as seen by an observer at O', one must find

first find A® by integrating Equation 7, and then
by employing Equation 9 at some known point,
solve for AB;

AB= B(robs) - B(ro)
= —[B8(rops) — Blrops)] + 86 + 6(r,) — B(r,)
=-y+ 86 + 0(r,) — B(r,)
Ee. P _
= —sin [n(%bs) o }+ 806 +06(r,) — B(ry) ,

(1D

where the subscripts ‘o' and 'obs' denote values
just outside the atmosphere and at the observer,
respectively.

NUMERICAL METHOD

Because Equation 10 cannot be solved for 6(r)
in terms B(r) directly, determining AP for vari-
ous incident angles [3(r,) was done by choosing
multiple values of 6(r,) and solving for B(r,) in-
stead. This was done far from the Earth's at-
mosphere where n(r) was assumed to be unity
so that e can be easily computed. A functional
form for n(r) was required to evaluate Equation
7 for AB. This was found using readily available
Chebyshev coefficients of the natural log of at-
mospheric pressure at altitude ro, p(r,,), and the
relationship %

) =ntey B2 41 (11)
p(r,)

Integration of Equation 7 was accomplished by
first finding a Chebyshev series for the inte-
grand, and then by manipulating the coeffi-
cients, a series for the integrand itself. Finally,
AB was found by evaluating Equation 11. Any
limits of integration could be used allowing re-
fraction at heights other than sea level to be
found so long as n(r) was known through that
point.

In practice it was found that 50 terms were the

maximum number that could be used in any of
the series before machine round off error began
to degrade accuracy.

The terms for the log pressure series were com-
puted from a published Chebyshev series and
tabulated data of actual pressures for the 1966
Standard Atmosphere model.3 The use of both
the series and data allowed increased accuracy
over a much broader range than either alone
could have provided; to an altitude of 106 m.
The resultant series was accurate to 0.2% of the
standard model below 8x10# m and to within
10% near 4x10* m degrading to 50% through
10® m. For observers near the earth's surface,
the refraction above 106 m is not significant.

The construction, integration, and evaluation of
all of the series were handled by 'public domain'
software routines 4 which were found to be
more than adequate for the task at hand. Briefly,
the routines mapped and manipulated functions
in the range [-1,1] over limits specified by the
user . The limits were slightly larger than re-
quired to avoid increased error between the ser-
ies and its equivalent function near the end
points of the function's range.

Because the tangent of angles very near /2
were routinely required, quad precision was
used throughout the program. Even for angles
far from this limit, double precision computation
was unacceptably inaccurate, and near the limit it
was off by orders of magnitude.

Finally, it can be shown © that AP is approxi-
mately given by:

AP =atan B(r,,) — b tan’ Blrops) . (12)

This approximation is valid for B(r,)>15°,
where a and b are empirically derived con-
stants.” The constants a and b are, in practice,
determined by the direct observation of standard
stars at the observer's locale, and are strictly ac-
curate only at that location. The constants are
also weakly dependent upon wavelength.
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Figure 3
Refraction angle at high elevations. The diamonds are
experimental data from reference 8. The squares are this
work. The model shows no significant deviation from

the observed seal level refraction AB above 1°.

RESULTS

The model was found to agree with the observed
refraction at 550 nm 8 for most elevations as can
be seen in Figures 3 and 4.. For B greater than
5°, the deviation from the accepted sea level val-
ues of refraction was 4.5", of the same order as
short period variations in AP due to thermal cur-
rents in the troposphere. Below this angle, how-
ever, the model becomes increasingly inaccurate
until at the horizon, B=-34', it is in error by
161". The disagreement between the predicted
and the observed values for B>5° is, for all but
the most stringent purposes, insignificant.

At all levels of the lower atmosphere, there are
deviations from the model used. Such local fac-
tors such as wind, water vapor content, and
temperature cause fluctuations in the pressure
gradient over time scales from milliseconds to
days which caused fluctuations in A by as
much as several arc-seconds. Thus, one can
conclude that the model is accurate in this re-

gion.

However, for rays just skirting the horizon, a
maximal path through all regions of the atmos-
phere is taken. Thus the any small errors in n(r)

that are not significant at greater values of 3
causes much greater errors in AP. This leads
one to the known deviation of the pressure mod-
el at altitudes above 8x10# m as the most obvi-
ous cause for the models failure near the hori-
zon. The model's accuracy can be extended to
all B by constructing a more accurate atmospher-
ic pressure model and can be easily adapted to
explore other atmospheres as well, provided the
appropriate pressure gradient is known.
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Figure 4
Refraction angle at low elevations. The diamonds are ex-
perimental data from reference 8. The squares are this
work. The model shown no significant deviation from
the observed sea level refraction AB above 1°. Below
this, it rapidly deviates from the expected refraction.
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AN APPARATUS FOR HYSTERESIS LOOP MEASUREMENT
USING THE MAGNETO-OPTICAL KERR EFFECT

Robert Patrick Ridgeway
Department of Physics
Stetson University
Deland, FL. 32720

ABSTRACT

The magneto-optical Kerr effect provides a means of investigating the magnetic properties
of thin films. Thin ferromagnetic films are of current technological interest due to the role
they play in magneto-optical recording. Information about the magnetic properties of
these films can be obtained using the Kerr effect to generate hysteresis loops. The sample
is placed between the poles of an electromagnet and the field swept while monitoring the
polarization of the light reflected by the film. The magnetization of the film is determined
by the rotation of the polarization of the reflected light. The apparatus for determining the
hysteresis loop for a given thin film is described and a sample curve for a terbium-iron al-

loy is shown
INTRODUCTION

The magneto-optical Kerr effect (referred to as
the Kerr effect in this paper) is one of the two
phenomenon affecting the polarization of light
that bears the name of John Kerr. 1 The Kerr
effect is the change in the polarization of light re-
flected by a magnetized material due to its mag-
netization.

The Kerr effect can be observed in three distinct
geometries, illustrated in Figure 1 2. The polar
Kerr effect, which was used in this experiment,
occurs when the applied magnetic field is per-
pendicular to the plane of the film. The longitu-
dinal and transverse Kerr effects can be seen
when the applied field is in the plane of the film.
The effect can be studied by orienting the film
and the applied field to observe any combination
of the three.3

When linearly polarized light is reflected by a
magnetized material in the polar geometry, it be-

Robert graduated from Stetson University in the
spring of 1990. He is currently in the Nuclear
Navy program and has recently graduated from
officer candidate school.

comes elliptically polarized. However, if the
incident light is polarized with the electric field
component in the plane of incidence, the reflect-
ed light will still be linearly polarized, but the
plane of polarization will be rotated. The rota-
tion that is caused by the polar Kerr effect,
known as Kerr rotation, was found to be pro-
portional to the magnetization of the sample un-
der consideration® This makes it possible to
generate a hysteresis loop, a plot of magnetiza-
tion vs applied magnetic field, using the Kerr ef-
fect.

MAGNETIC Incident llght
FIELD
DIRECTION
Longitudinal y
b*"b
&
Thin film 4 &
Polar
Figure 1

The three magneto-optical Kerr effect geometries: polar;
longitudinal and transverse
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Figure 2
An example hysteresis loop generated using the Kerr ef-
fect that shows the coercive field, the remnant magnetiza-
tion and the saturation magnetization.

The Kerr effect can be observed in light reflected
by any ferromagnetic material. In this experi-
ment we used a thin film of a rare-earth transi-
tion-metal (RETM) alloy, terbium-iron. The
film is several monolayers of the RETM deposit-
ed on a reflective nonferromagnetic substrate. A
RETM is an alloy which consists of a rare-earth
element such as gadolinium, dysprosium or ter-
bium and one or more of the transition elements
such as cobalt, molybdenum or iron. ¢ RETM
films typically have large Kerr rotations.

Thin films of RETM are of interest for their use
in magneto-optical recording, which has a possi-
bility of replacing the magnetic recording materi-
al which is widely used today. 7 At this time
one must still find a material that is not only
stable with respect to time and oxidation, but
also exhibits useful magneto-optical effects.

The experiment described here is of the type that
is used to determine the magneto-optical effects
of the material: the coercive field and the rem-
nant magnetization. The coercive field is the
magnitude of the applied magnetic field that is
necessary to observe the Kerr rotation and the
remnant magnetization is the rotation of the pola-
rization that would be observed under zero ap-
plied field. These features are shown in the ex-
ample hysteresis loop shown in Figure 2.

THE EXPERIMENT

The apparatus used to generate the hysteresis
loops was completely controlled by a microcom-
puter. A diagram of the experimental setup is
shown in Figure 3.

The light from a 1 milliwatt helium-neon laser
was 'chopped' by rotating a metal wheel with
slits to give the beam a frequency of approxi-
mately 300 Hz. This frequency was monitored
by the photoreflective sensor and used as the
reference input for the lock-in amplifier. The
light beam was then split by a half- silvered mir-
ror such that half was directed into a "reference"
phototube used to monitor any changes in the in-
tensity of the laser. The rest of the light beam
continued into the polarizer and struck the film
that was placed between the poles of the electro-
magnet. The field strength of the magnet was
monitored by the the microcomputer through the
Hall effect Gauss meter.

The light that had its polarization rotated by the
Kerr effect was analyzed using second analyzing
polarizer. Malus' law states that the intensity of
linearly polarized light passing through a two
polarizers is proportional to the square of the co-

Gauss photoreflective 1o lock-in
meter sensor amplifier

\ beam splitter
polarizer 74 h ——1 He-Ne laser

reference
phototube

computer  f—y A-B

Lock-in amplifier current amplifiers

Figure 3
The experimental apparatus. The direction of the mag-
netic field is indicated by the solid arrow
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sine of the angle between the two polarizers. 8
The intensity, and hence the rotation of the re-
flected light, was measured by a second photo-
tube. The output of the first ‘reference’ photo-
tube was subtracted from the output of the
analyzing phototube by the lock-in amplifier to
give a correct reading of the intensity change of
light that leaves the analyzing polarizer.

The microcomputer maintained control over the
apparatus by controlling the size and direction of
the magnetic field. The 0 - 10 volt digital to ana-
log output was fed into a voltage programmable
power supply which provided the current for the
electromagnet. The direction of the field could
be changed by the computer by switching a logic
level output and hence the polarity of the power
supply.

The experiment was monitored by the micro-
computer using the lock-in amplifier and the
Gauss meter. A lock-in amplifier is a narrow-
band amplifier that can be used to filter out ran-
dom signals. It was used to subtract the output
of the two phototubes and then amplify this dif-
ference in the frequency range dictated by the
photoreflective sensor. In this way, the large
DC offset of the phototubes and any random
noise caused by 60 Hz. 'pickup’ from the power
supplies was eliminated.

g 3t

b

=

£ St

k! ;

=] .

H - .

?z I /

® -0.4 0.2 0.0 0.2 0.4
Magnetic Field (Tesla)
Figure 4

A signal averaged hysteresis loop for terbium-iron ob-
tained using the polar Kerr effect

Kerr Rotation (arb. units)
0
|

-0.4 -.02 0.0 0.2 0.4
Magnetic Field (Tesla)

Figure 5
A hysteresis loop for the terbium-iron sample gernerated
from one experimental trial.

The DC output of the lock-in amplifier, which
was proportional to the Kerr rotation, was then
stored as the y-axis value of a data point. The
field strength, measured by the Gauss meter,
was stored as the x-axis value for a data point.

DATA

The microcomputer was programmed to record
data points as it changed the field in a linear
manner from 0 to 0.50 T, back to 0.00 T, down
to -0.50 T and back to O T. This was done 30
times. The data at each setting of the magnetic
field were averaged to give the hysteresis loop
shown in Figure 4. The ordinate of the graph
was calibrated to degrees of rotation by monitor-
ing the signal out of the lock-in amplifier when
the analyzer was rotated under zero magnetic
field.

Figure 4 shows that a 0.15 degree Kerr rotation
was observed and that our sample had a coercive
field of approximately 0.10 T. This is in agree-
ment with data previously published on terbium-
iron 9. An uncalibrated hysteresis loop that was
obtained from one trial is shown in Figure 5 to
illustrate the improvement in the quality of the
data when the signal is averaged over many
loops.

The hysteresis loop shown in Figure 4 has two
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interesting characteristics. The first is that the
magnetization increases linearly as the applied
field in increased instead of leveling off at some
saturation magnetization as shown in Figure 2.
The large slope can be attributed primarily to the
paramagnetic properties of the glass substrate
upon which the thin film was deposited. Para-
magnetic substances exhibit induced magnetiza-
tion that is proportional to the applied field.

The second intriguing quality of these data is the
two additional loops (which have been observed
in the literature 10) that occur in the upper right
and lower left of the hysteresis loop of Figure 4.
One can see that the magnetization of the sam-
ple, observed through the Kerr rotation, is
somewhat less as the magnetic field is being de-
creased than when it is being increased. It is be-
lieved that this results from the temperature of
the film being raised by the joule heating in the
electromagnet when the current is near its maxi-
mum. As the RETM film approaches its com-
pensation temperature, the temperature at which
the magnetization of the rare-earth and the transi-
tion-metal are equal and opposite, the net mag-
netization of the alloy goes to zero. !! Since the
alloy used had a compensation temperature that
is just above room temperature, any additional
heat supplied by the electromagnet results in a
decrease in the net magnetization. This effect
could be studied by controlling the temperature
of the thin film to observe the Kerr rotation at
different temperatures.
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COMPUTER SIMULATION OF A NON-ZERO ELECTRON
ANTINEUTRINO REST MASS

Shane D. Deichman
Department of Physics
University of California
Berkeley, CA 94720

ABSTRACT

Of the literal plethora of subatomic particles to enter the annals of science in the past fifty
years, none is more enigmatic than the elusive "neutrino." In this paper, the author will
examine the history surrounding this neutrally-charged lepton, including a presentation of
the Fermi theory of beta decay, and outline some of the current efforts being made to
measure the rest mass of the electron antineutrino. Finally, the cosmological consequence
of a non-zero neutrino rest mass will be addressed.

INTRODUCTION

What is the ultimate fate of the Universe? Since
the dawn of history, humans have pondered this
question. The philosopher Aristotle, in his
"Principle of Continuity," claimed that the Heav-
ens were perfect and, therefore, unchanging.
However, with the advent of contemporary
scientific methodology, we have found that this
isn't quite the case. Rather, our Universe exists
in a state of continuous change. Modern experi-
mental investigation has led us to believe that the
Universe is expanding from a primordial fireball
known as the "Big Bang." If this expansion
will continue indefinitely or eventually collapse
in a "Big Crunch" is a topic of intense debate.

One potential answer to this problem lies in an
elusive particle known as the neutrino, meaning
"little neutral one." Classified as a lepton, neu-
trinos invariably accompany beta-decay process-
es (with the possible exception of neutrinoless
double-beta decay) and other weak subnuclear
reactions, such as muon decay. After their ini-
tial hypothesis some fifty years ago, neutrinos

Shane graduated from the University of Califor-
nia in 1989 and is now working in the Systems
Analysis Group at the Naval Ocean systems
Center in San Diego. He plans to pursue an in-
terest in international security affairs.

have been assumed to be totally massless. Only
recently has this aspect of modern physical theo-
ry been questioned. As it turns out, many of the
new "Grand Unified Theories" (GUTs) call for
the existence of massive neutrinos.

There are currently about twenty individual at-
tempts to determine the rest mass of the electron
antineutrino (the most common neutrino in our
observations). The most recent estimates of the
neutrino mass have placed upper limits of the or-
der of 10 to 20 eV (electron volts) on this val-
ue.! For comparison, an electron has a mass of
about 5.11 x 105 eV.

HISTORY AND THEORY

The neutrino was first postulated in 1930 by
Wolfgang Pauli to account for both the missing
spin factor of 1/2 and the unexpected electron
energy spectrum of beta decay. A typical beta
decay process is:

Az > AZ+l)+e + Ve

in which the energy spectrum of the beta parti-
cles is a continuum.The alpha decay energy
spectrum, however, is composed of discrete
peaks. The beta decay process would violate
conservation of energy if there were not a third
particle to take away the extra momentum and
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Beta Decay Spectrum for Tritium?

energy. This third body would also have to be
elusive enough to evade prior detection. Inter-
estingly, the neutrino was first known as the
"neutron;" the particle we now know as the neu-
tron wasn't discovered until a few years later.2

In 1934, Enrico Fermi published his famous
theory of beta decay, of which the neutrino was
an important part.3 He pointed out that the rest
mass of the neutrino would affect the energy
spectrum of electrons emitted in beta decay, and
gave the general form for the spectral shape in
the absence of a neutrino mass.

The Fermi form for the probability of emitting
an electron with total energy E is given by:

dN(E) = K IMI2F(Z,R,E) pe E (E¢g-E) x
[(Eo-E)2 - my2c4]12 dE
where

K = Gg2 (m3¢4/2r3[h/(27)]7 )cos28,

M is the nuclear matrix element for the transition
(for tritium, IMI2 = 5.55), pe is the electron mo-
mentum, E is the end point energy (the maxi-
mum electron energy for a zero neutrino ener-
gy), my is the neutrino mass, and F(Z,R,E) is a
Coulomb correction factor that results from the
effect of the nuclear charge on the wave function
of the emitted electron. The shape of the beta
decay function is shown in Figure 1.

In 1936, F.N.D. Kurie showed that the Fermi
form for the beta spectrum could be linearized
by plotting [N(E)/E pe F(Z,R,E)]!/2 vs. E. 5
This reparameterization allowed the effect of the
neutrino mass to be seen much more clearly, as
is shown in Figure 2. Furthermore, it allows
the end point energy to be extrapolated from data
taken at lower energies (where the count rates
are higher), yielding a value which is indepen-
dent of the neutrino mass. It turns out that the
spectrum of tritium has an extremely straight
Kurie plot due to the small impact of the nuclear
effects. (The effects of spectrometer resolution
and final-state distributions will be discussed lat-
er in this paper.)

In the "standard model," the neutrino is con-
strained to be completely left-handed (its spin
pointing in the opposite direction of the motion)
and to have zero mass. There is no compelling
theoretical reason, however, for the mass to be
zero; indeed, by analogy to the quark sector, one
would expect my = mj, where "1" is the lepton
associated with a particular neutrino. In fact, for
the electron and electron neutrino, me/my > 104,
In general, though, grand unified theories
(GUTSs) predict non-zero neutrino masses.
Therefore, the neutrino mass poses one of the
most interesting unsolved problems in theoreti-
cal physics.”

One method of generating small neutrino masses
is by the "see-saw" mechanism proposed by
Murray Gell-Mann et al.3 It requires that neutri-
nos be Majorana particles (i.e., that they be self-
conjugate). Since the neutrino is electrically
neutral, it could be its own antiparticle, assum-
ing that it also has no magnetic moment, unlike
the charged leptons which must be Dirac parti-
cles (i.e., having distinctive antiparticles).
However, a Majorana mass for the neutrino im-
plies that lepton number cannot be strictly con-
served. In the "see-saw" scheme, a large mass
term for right-handed neutrinos creates a small
left-handed Majorana mass through a Dirac mass
term which mixes the right- and left-handed
fields, predicting lepton number violation.?

The question of whether neutrinos are Majorana
or Dirac particles remains unsolved, though sev-
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eral different experiments are sensitive to this
question. For instance, the afore mentioned
neutrino-less double-beta decay process can
only occur if the neutrino is a massive Majorana
particle.10

The impetus for the actual measurement of the
neutrino mass came from some interesting ex-
perimental results. In 1980, there were several
puzzling observations outstanding. The first
was the measurement of the solar neutrino flux
by Davis et al.1l This flux has consistently
come out to be about 1/3 the expected value
from astrophysical calculations. The problem
posed by this discrepancy has not yet been
solved, though the effects of the sun's magnetic
field on the kinematics of solar neutrinos (i.e.,
that the neutrino may have a non-zero magnetic
moment, and may be therefore a Dirac particle)
or neutrino oscillations!2 (in which a given neu-
trino oscillates in identity between the three
known types or their antiparticles) are some pos-
sibilities. Also in 1980, Lyubimov et al. report-
ed a positive neutrino mass in a tritium beta de-
cay experiment at ITEP in Moscow utilizing
tritiated valine.!3 This result was refuted by
D.L. Wark at a recent conference in Tokyo-14

EXPERIMENTAL

Due to the incredibly low cross-section of neu-
trinos interacting with matter (on the order of
10-19 barns, or 1043 cm?2!)15, it is very difficult
to measure neutrinos directly (they were not ac-
tually observed until nearly thirty years after
their initial hypothesis). Therefore, one must
use indirect methods to determine the neutrino
mass. Perhaps the most popular of these meth-
ods is the precise examination of the beta-decay
end point of tritium. Tritium is an ideal beta
source in that it is reasonably active (Ty =~ 12
years.) and its spectrum is well known.

The experiment that sparked the current drive to
determine the neutrino mass was initiated by
V.A. Lyubimov of the Soviet ITEP in Moscow.
His machine was a stainless-steel toroidal field
beta spectrometer that was alleged to have had a
very good resolution and high luminosity. By
carefully studying the beta-decay end point of
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Figure 2
Kurie Plot for Tritium showing effect of 10 eV neutrino
mass 6

tritium and linearizing the decay curve, he hoped
to learn the value of the neutrino mass.

Using a source of tritiated valine, placed at the
first focus of the toroidal field spectrometer,
Lyubimov claimed evidence for a non-zero neu-
trino mass of 14 < my <46 eV, with a best-fit
value of 34 V.13 The experimental procedure
was amplified in later papers, provoking a
strong discussion. Much doubt has been cast on
Lyubimov's results, primarily because of the
difficulties incurred with solid, polyatomic mo-
lecular sources. The perturbative effects of the
valine lattice and intramolecular forces create un-
certainties on the order of 20 to 30 eV for the
beta decay end point value, making it highly
doubitful that accurate results could be obtained.!

An improvement on this method of observing
the beta decay end point of tritium came in late
1980, when R.G.H. Robertson et al. at Los Al-
amos National Laboratory took the basic iron-
free spectrometer design that Lyubimov had
used and added a magnetic-field source tube
containing gaseous molecular tritium. This
elimination of the solid state and polyatomic per-
turbative effects attributable to solid molecular
sources opened the door to significant improve-
ments in end point resolution, and resulted in the
first neutrino mass upper limit that was not de-
pendent on the final atomic state configuration of
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Convoluted Kurie Plot (resolution/FWHM = 10 eV)!7

the tritium (13.4 eV, 95% confidence level.).14

Many technical problems are encountered when
one decides to use a gaseous radioactive source
that needs to be circulated through a powerful
magnetic field. For instance, one requires diffe-
rential pumping mechanisms and other high vac-
uum apparati. However, the results are much
more credible than those obtained using solid
sources.

The next generation of the toroidal-field beta
spectrometer came in 1984 at the Lawrence Liv-
ermore National Laboratory, where Wolfgang
Stoffl improved the source tube of Robertson
even more by inserting an RF dissociator into
the apparatus. This resulted in the production of
gaseous atomic tritium, which is ideal for highly
precise measurements of the beta decay func-
tion.

The logic here is that tritium has the most well-
understood beta decay curve of all known nu-
clides, and the final states distribution of the He-
lium-3 (the tritium beta decay daughter) is pre-
cisely known. Now, rather than having to
contend with over 200 possible daughter states
(as in molecular tritium), one can obtain more
precise calculations by examining the far fewer
excited daughter states of monatomic tritium.
Before one can proceed further in determining
the neutrino mass, a full understanding of the

resolution function of one's spectrometer must
be gained. Assuming a gaussian resolution
function for a given spectrometer, the resolution
is expressed as the FWHM (full-width at half-
maximum) of the curve. This non-ideal resolv-
ing power represents itself as the convolution of
a monochromatic source into a gaussian with the
appropriate FWHM. For instance, suppose one
had a source of 1 MeV gamma radiation and a
detector array which had a resolution of 1 keV.
The observed spectrum would then be a single
Gaussian, FWHM = 1 keV, whose centroid is
located at the channel corresponding to 1 MeV.

When observing a continuous spectrum with
such a resolution, each discrete channel on that
spectrum is essentially "smeared" into a gaus-
sian with an appropriate FWHM. In order to
"de-convolute" the observed spectrum so as to
obtain the true distribution, one must have a
deep understanding of the resolution function of
the spectrometer.

Another perturbative effect mentioned above is
the final states distribution. In the case of mona-
tomic tritium, approximately 74% of the beta de-
cays observed decay to the ground state of
3Het, 25% decay to the first excited state
(atomic), and so forth. There are no available
nuclear excited states for the reaction.

This final states distribution manifests itself as a
decrease in the intensity at high electron ener-
gies. Therefore, one must select a source which
maximizes the intensity at these high energy lev-
els so as to maintain a distinction between good
events and background data or noise. Since
74% of tritium decays to the atomic ground
state, tritium is again an ideal choice. Figure 3
shows a plot of the final observed spectrum,
with the resolution function and final states dis-
tributions calculated into the Kurie plot from
Figure 2.

The spectrometer being constructed at Livermore
is expected to have a resolution of about 5 eV,
which would yield unparalleled accuracy in the
determination of the neutrino mass (or the deter-
mination of a new upper limit). This machine is
being calibrated as of this printing, and should
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begin taking actual data by early 1991.1%

Some other experiments attempting to determine
the neutrino mass use methods other than the
one outlined above. For instance, de Rujula and
Bennett proposed that the neutrino mass could
be measured by observing the shape of the inter-
nal bremsstrahlung and x-ray spectrum follow-
ing low Q-value electron capture.!®20 Another
method that has been proposed is the detection
of neutrino oscillations, in which the experimen-
ters look for the disappearance of one kind of
neutrino or the appearance of another. This idea
is not as general a test for neutrino mass as triti-
um beta decay or the internal bremsstrahlung
methods mentioned above because it requires
lepton number violation as well as massive neu-
trinos.

The only other significant type of experiment
currently being used is the investigation of neu-
trino-less double beta decay, a process which
can only occur if the neutrino is a massive Majo-
rana particle (that is, its own antiparticle).10
This method can be distinguished from two-
neutrino double beta decay (2v B decay) by the
energy spectrum of the beta particles. In Qv BB
decay, the sum of the beta energies is constant,
whereas the 2v Bp decay spectrum is a continu-
um, so the former can be observed by detecting
monoenergetic signals.

IMPLICATIONS

A tantalizing hint of physics beyond the "stan-
dard model" is evidenced by the "missing mass"
problem in cosmology. This problem has been
a topic of considerable interest in recent years.

The average density of the Universe can be char-
acterized by the parameter Q = p/pc, where pc
is the critical density required to "close" the Uni-
verse. This implies that, if Q > 1, the Universe
is closed and will eventually collapse; if Q <1,
the Universe is "open" and will expand indefi-
nitely; and if Q = 1, the Universe is "flat" and
will expand forever, coming to rest at t = .

The observed mass from spectroscopic analysis
of galaxies gives an upper limit on the baryonic

mass such that Qp < 0.1.21 Calculations of pri-
mordial nucleosynthesis provide an upper limit
for the total possible baryonic density, claiming
that QB < 0.14 - 0.19.22 It is more appealing
(both philosophically and aesthetically) to have
Q exactly equal to unity. Indeed, new "infla-
tionary" theories of the early evolution of the
Universe require that Q = 1.23 If this is indeed
the case, then 80-90% of the mass of the Uni-
verse is made up of non-baryonic matter. The
neutrino is the only particle known to exist that
could provide this mass. By virtue of the popu-
lation of neutrinos in the Universe (one neutrino
for every 1.7 photons, or about 10-8 nucleons
per neutrino)!, a neutrino mass as low as 15 eV
could be sufficient to close the Universe. With
the recent LANL upper limit of 13.4 eV, it
would seem that the electron neutrino is not
massive enough to close the Universe by itself.
However, if the masses of all three neutrino
types (e, K, and T) sum to greater than 45 eV (an
average of more than 15 eV per neutrino), then
neutrinos could still be the missing mass.

An early upper limit of 8 eV for closure was cal-
culated by Cowsik and McClelland?4 based
upon a value of 50 km sec-! Mpc-! for the Hub-
ble constant and an assumption that there were
two types of neutrinos, each of which had an
antiparticle and two spin states. This limit
seems too extreme when compared to more re-
cent calculations, but it served to generate inter-
est in neutrinos as possible contributors to the
mass of the Universe.

Another aspect of the missing mass problem
pertains to cluster dynamics and rotation curves
of galaxies, indicating the presence of non-
luminous halos surrounding them.?> Neutrinos
have been proposed as a candidate for this miss-
ing mass, though some argue that they are too
energetic to be gravitationally bound.

SUMMARY

The determination of the neutrino mass is clearly
one of the most provocative questions the scien-
tific community now faces. With the advent of
many Grand Unified Theories (GUTs) calling
for the existence of massive neutrinos, it seems



18 THE JOURNAL OF UNDERGRADUATE RESEARCH IN PHYSICS

VOLUME 9, NUMBER 1

that the time of massless neutrinos (as is needed
by the "standard model") has come and gone.

If the neutrino is determined to have a positive
mass, it will be the first experimental evidence
of physics beyond the standard model. It could
also lead to the resolution of a number of frus-
trating dilemmas which currently plague physi-
cists (e.g., the "missing mass" problem in astro-
physics).

Of the numerous attempts to measure the neutri-
no mass, one particular project at the Lawrence
Livermore National Laboratory seems to defy
the others in terms of expectations. Wolfgang
Stoffl's spectrometer is expected to have a reso-
lution of, and could be sensitive to, a neutrino
mass of as little as 5 eV. If the neutrino mass is
sufficient to "close" the Universe (i.e., my = 15
eV), it could be detectable by the summer of
1991.
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PHASE DIAGRAM OF THE Na-As SYSTEM FOR 39.41-45.31
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ABSTRACT

Electromotive force (emf) was measured between 410C and 670C for an electrode con-
taining a Na-As alloy with 45.31, 42 and 40 atomic percentage (at%) Na. These results
were used to determine a partial phase diagram with an eutectic at 519.6C and 39.41 at%
Na. Known phase diagrams of alloys of elements related to Na and As are compared to
gather possible hints for the Na-As phase diagram. Emf measurements were also at-
tempted over a 5 day period at 28.71 at%Na to test the effectiveness of this method at the
Asrich end. At the end of this time, the emf was still dropping.

INTRODUCTION

This paper describes the portion of the Na-As
phase diagram from 39.41 to 45.31 atomic per-
centage (at%) Na at temperatures between 410 C
and 670 C. Electromotive force (emf) measure-
ments were taken from a cell whose working
electrode contained a mixture of Na and As at
45.31, 42 and 40 at% Na. The liquidus lines
determined from these data intersected at ap-
proximately 519.6 C and 39.41 at% Na, locat-
ing the eutectic temperature and composition.
Emf measurements were also taken with another
working electrode with 28.71 at% Na, but after
5 days, the cell still had not stabilized.

Some of the possible forms of the Na-As system
come from potentiometric titration of a solution
of Na in liquid NH3 with a solution of As3S3 in
liquid NH3. Results of this show evidence for
the formation of the species Na3As, Na3As3,
Na3As7 and NaAss !. Unfortunately, the diffi-
culties presented by the Na-As system have dis-
couraged much earlier investigation. Not the

John is a junior at the State University of New
York at Buffalo majoring in physics. He col-
lected data on the interactions of 28Si nuclei
prior to his stay at Argonne National Laborato-

ry.

least of these obstacles is the absence of a liquid
phase for As at atmospheric pressure. (Gray
As, the stable form at standard conditions, subli-
mates at 613 C.) This property makes the As
rich compositions difficult to test with emf
measurements.. The minimum amount of Na
needed for producing good emf readings is not
certain, but is taken here at about 38 at%. Fur-
thermore, Ta, the usual material for leads in lig-
uid metal electrodes, is vulnerable to attack by
As vapors. Finally, the Na-As system ap-
proaches equilibrium sluggishly after titration.
At the present time, no less than two or three
days seem to be required for the cell to stabilize.

Despite the lack of literature on Na-As, one can
form some guidelines for the behavior of this al-
loy from the phase diagrams of other alloys of
alkali metals and Group 5A elements. K-As is
the only alkali metal-As system that has a com-
pletely determined phase diagram. It shows a
low K eutectic at 530 C and 41 at% K (very
close to the eutectic we found for Na-As) 2. Al-
though the connections become less obvious if
As is replaced with other Group 5A elements,
the low Na eutectic appears at lower tempera-
tures and proportions of Na as the period of the
replacing element increases. Thus, Na-Sb has
its low Na eutectic at 39.4 at% Na and 400 C. 3
The only known Na-Bi eutectic occurs at 21.8
at% Na and 218 C. 4.
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Figure 1
Schematic of the electrode assembly used for the work-
ing and reference electrodes.

The melting point peak of a 75 at% K alkali
metal compound K-As is 655 C.5 A similar
melting peak at 856 C was found for Na-Sb and
the melting point of Na3Bi was found to be 775
C.6 The first two peaks correspond to the for-
mation of K3As or Na3Sb, which assume the
hexagonal structure whose prototype is Na3As.
However, later emf measurements have _Placcd
the melting point of Na3Bi at 848.1 C.7. The
tentatively determined melting peak for Na-As is
at 75 at% Na and approximately 750 C. Though
counter to the melting point trend so far, it re-
sults from the formation of Na3As. However,
the recent upward revision of the Na3Bi melting
point warns against taking this melting point val-
ue too seriously.

Compounds have been discovered at the equi-
atomic composition of all the complete phase di-
agrams mentioned, though they do not always
cause melting peaks and seem to have fewer
structural features in common. No information
appears in the literature on the K-As structure
except that its melting peak on the phase diagram
is at 625 C. 3 NaSb, with a melting point of 465
C 6, also creates a melting peak and forms a 16-
atom monoclinic unit cell . NaBi, which has
the Cu-Au structure 9, forms a peritectic at 446C
and 53 at% Na 6. These similarities may aid in

deducing the phase diagrams of the Na-As sys-
tem.

MATERIALS AND METHODS

Figure 1 shows the electrode assembly. The
outer shell of both working and reference elec-
trodes consists of a crucible of B-Al,O3, which
is a solid electrolyte permitting current to pass
through the electrode and an a-Al2O3 lid, joined
to the crucible with a fired glass seal. Each elec-
trode was placed in a high pressure helium glove
box and filled with sample material through a
hole in the lid. A Ta wire was then inserted into
a Ta cone, which, in turn, was inserted into the
electrode through the hole at the top. Finally,
the Nb cylinder was slipped over the lid and
cone and the stainless steel screw over the cover
tightened to seal the electrode. The o-AlO3
rings and tubes insulate the Nb cylinder and the
screw from the Ta lead. Though the pure Na
and the NaBi reference electrodes had Ta current
collectors extending into the melt at the bottom,
the Na-As electrode required a more corrosion
resistant tungsten current collector.

Figure 2 shows the cell components. The work-
ing electrode is the Na-As electrode. The coun-
ter electrode bath, in which the working and ref-
erence electrodes are suspended, consists of
approximately equal atomic fractions of Pb and
Bi with about 10 at% Na. The bath was con-
tained in a Mo crucible inside the glovebox and
constantly stirred to reduce temperature and
composition gradients. A Pt-Pt-10%Rh thermo-
couple immersed in the counter electrode bath

thermocouple well =@~ )

Ta rod rs stirrer
CE lead L5

A Mo crucible

w— -~
crucible
reference
electrode

B- alumina
caucible
working electrode

Figure 2
Diagram of the experimental apparatus.
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measured the temperature. A digital coulometer
allowed us to alter the working electrode compo-
sition by moving Na between the working elec-
trode and the counter electrode bath. After each
titration, the coulometer circuit was broken to al-
low the cell to reach equilibrium before any
readings were taken.

In principle, the desired reference electrode is
pure Na. However, a pure Na electrode would
be impractical for the long periods at the high
temperatures needed to bring Na-As into equili-
brium. At the temperatures used here (412 C -
670 C), pure Na builds up high vapor pressure
and appears to promote cracks in the B-alumina
wall. As a result, a Na-Bi (15 at% Na) electrode
was calibrated at lower temperatures (326 C -
491 C) against a pure Na electrode. The temper-
ature dependence of the resulting emf was fit to
a second degree polynomial. Once calibrated,
this Na-Bi electrode became the secondary refer-
ence electrode for the Na-As system. At each
desired composition, the emf between the Na-Bi
and the Na-As electrodes was measured at vari-
ous temperatures and added to the calibration
emf.

RESULTS AND DISCUSSIONS

Figures 3-5 show the results of the emf meas-
urements for 45.31, 42 and 40 at% Na. The re-
sults for 40 at% Na (Figure 5) proved difficult
to reproduce because of metal deposits on the
working electrode. They allowed undesirable ti-
trating currents to pass through the electrode and
change the composition of the working elec-
trode. Because of this, the upturn in Figure 5 is
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Figure 3
Emf vs temperature for Xy, = 0.4531.
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Figure 4
Emf vs temperature for Xy, = 0.42

almost certainly spurious.

The working electrode was replaced with a new
one containing 28.71 at%Na, but the emf read-
ings for the replacement electrode failed to stabi-
lize. This instability may have been due to vap-
orization of As, which would have increased the
atomic fraction of Na in the remaining melt and
hastened corrosion of the interior working lead.
During the subsequent attempt to titrate back to
42 at% Na at 400 mA (as a check on the new
working electrode's accuracy), the circuit over-
loaded and the composition became uncertain.

The next attempt to titrate Na into the working
electrode had to be done at a very high tempera-
ture (700 C) and very low currents. After 5
days, the resistance dropped suddenly, permit-
ting a current of 300 mA without overload.
However, even after a total of 380 Coul. had
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Emf vs temperature for Xy, = 0.40.
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Figure 6
Liquidus Lines composed of points where the emf read-
ings at any given temperature are independent of the
working electrode compositions.

been titrated into the working electrode, the emf
between the working electrode and the counter
electrode bath with the titration circuit broken re-
mained near 0.1 mV.

The liquidus lines plotted in Figure 6 are com-
posed of points where the emf readings at any

650 700 750
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1 1 1 1 1
450 500 550 600 650 700

Temperature ( C )

550

Figure 7
Complete plot of emf vs. temperataure for various com-
positions of the Na-As alloy.

given temperature are independent of the compo-
sition of the working electrode. The two solid
curves are reasonably certain. Their intersection
determines the eutectic temperature. Two
points, the dashed line in Figure 6, taken using
the working electrode at 40 at% Na (which did
not reach equilibrium) provide a clue to the third
liquidus line. This line is very tentative. We de-
termined the eutectic temperature to be 519.6 C.
Previous results  placed the eutectic at approxi-
mately 508.6 C, due to higher emf readings on
the low temperature liquidus line.

The intersection of the liquidus lines of Figure 6
combined with the plots of emf vs. T of Figures
3-5 determine the phase diagram and the eutectic
composition. With this procedure, the results of
which are shown in Figure 7, one finds that Na-
As reaches the liquidus line at 555 C for 45.31
at% Na, at 532 C for 42 at% Na and at 522 for
40 at% Na. Figure 7 also shows that the eutec-
tic composition must be just under 40 at%Na.

The resulting partial phase diagram appears in
Figure 8. The three points fit the quadratic
equation:

T =938.5 - 2509.2 XNa + 3669.8 X2Na

where T is the temperature and XNj is the atomic
fraction of Na. The solutions to this equation
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Figure 8
Partial phase diagram of Na-As.
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when T = 519.6 C are 0.2897 and 0.3941.
Since the eutectic composition, as seen in Figure
8, must be just below 40 at% Na, the latter solu-
tion must be the correct atom fraction of Na at
the eutectic.
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POST USE TEXTBOOK REVIEW

Classical Mechanics

A. Douglas Davis

Harcourt Brace Jovanovich, Publishers, 1986.

Reviewed by:

Christy Beacham, Mark Whitehead,
Seth Snell and Lewis Adams Riley

Physics Department

Guilford College

Greensboro, NC 27410

We used this text in conjunction with regular
lectures for a junior level Classical Mechanics
class. Some of the sections that we covered in-
clude: basic one-dimensional motion, the har-
monic motion, central forces, systems of parti-
cles, rigid bodies and Lagrangian Mechanics.
Davis also expediently presents chapters on stat-
ics, fluid mechanics and special relativity.

Davis' writing style is engaging, clear and more
lively than similar discussions found in Mari-
on's 1 mechanics book. His style is conducive
to his goal: to help students apply calculus to
solve classical mechanics problems and to aid
the student in understanding new ideas. Davis
could fulfill this goal in a better way if three
problems were solved.

Seth, Mark and Lew are junior physics majors at
Guilford College. Seth and Lew are pursuing
minors in philosophy. Mark worked this se-
mester as a teaching assistant in Stellar Astrono-
my, a popular way for the Guilford students to
meet their lab science requirement. Christy, a
senior, started out majoring in chemistry and
switched to physics as an upper class student.
She is currently applying to graduate school in
medical physics.

First, if the students are supposed to learn how
to use calculus effectively, the derivations for
various ideas, such as the inverse square force,
should include more steps. It seems as though
Davis uses phrases like "with a little algebraic
fidgeting" and "clearly"” to save steps that are es-
sential to grasping a basic understanding of cal-
culus-based applications.

It would also be helpful if Davis used a more
general approach in presenting the material. In
some instances, such as the section on moment
of inertia tensors, a special case is presented
rather than a more generally applicable ap-
proach. The general approach might widen the
range of problems the student could attack and
would give the students more background which
would make assimilating the specific approach
easier.

Thirdly, there are several editing mistakes that
seriously hinder understanding the material.
Several minor editing mistakes like incorrect ref-
erences to equations and incorrect units in the
problems add up to make trying to understand
the material more frustrating than it

already is.
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Speaking of problems, Davis has compiled an
interesting and creative set of questions at the
end of each section. Instead of asking questions
that are similar to the examples given throu ghout
each section, the questions are taken out of
context. For example, after presenting Ruther-
ford scattering and central forces, there is a
question concerning a star moving through stel-
lar debris that asks to show that all the debris
ahead of the star inside a certain radius will col-
lide with the star. There are several problems
like this one that force the students to look at the
material in a different setting than the way

the ideas are presented. This is an excellent way
to practice creative problem solving.

The text also includes helpful appendices that
contain information concerning calculus, multi-
ple integrals and a matrix review. We were
pleasantly surprised to discover brief sections on
numerical methods for BASIC and Pascal. The
numerical methods are designed to introduce
basic ways of solving mechanics problems us-
ing the computer and could be applied to several
of the sections throughout the book. In fact,
Davis gives several interesting problems
throughout the book that must be solved numeri-
cally. Moreover, Davis gives simple and func-
tional algorithms that are easily understood even
if the students have little or no programming
background.

We felt that the text's greatest strengths lie in the
stimulating problems, the sections on numerical
methods and the clear writing style. Although
the editing mistakes are frustrating, they will
surely be expunged in later editions. We whole-
heartedly recommend this text as an excellent
source of problems and a basic reference to be
accompanied by more detailed lectures.

1) J.B. Marion, Classical Dynami
and Systems, Academic Press.

f Particles



