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Abstract.‌ ‌A‌ ‌method‌ ‌to‌ ‌derive‌ ‌general‌ ‌standard‌ ‌and‌ ‌null‌ ‌Lagrangians‌ ‌for‌ ‌second-order‌ ‌differential‌ ‌equations‌ ‌whose‌‌                             
solutions‌ ‌are‌ ‌special‌ ‌function‌‌of‌‌mathematical‌ ‌physics‌‌is‌ ‌presented.‌ ‌The‌‌general‌‌null‌ ‌Lagrangians‌‌are‌‌used‌‌to‌‌find‌‌the‌‌                                   
corresponding‌ ‌general‌ ‌gauge‌ ‌functions.‌ ‌All‌ ‌derived‌ ‌Lagrangians‌ ‌are‌ ‌new‌ ‌and‌ ‌in‌ ‌special‌ ‌cases‌ ‌they‌ ‌reduce‌ ‌to‌ ‌those‌                                 
published‌‌in‌‌the‌‌literature.‌ ‌The‌‌obtained‌‌results‌ ‌are‌‌applied‌‌to‌‌the‌‌Bessel,‌‌Hermite‌‌and‌‌Legendre‌‌equations,‌‌which‌‌have‌‌                                   
many‌ ‌applications‌ ‌in‌ ‌physics,‌ ‌applied‌ ‌mathematics‌ ‌and‌ ‌engineering.‌‌ ‌  

INTRODUCTION‌ ‌ 

Second-order‌ ‌ordinary‌ ‌differential‌ ‌equations‌ ‌(ODEs),‌ ‌whose‌ ‌solutions‌ ‌are‌ ‌given‌ ‌in‌ ‌terms‌ ‌of special‌‌functions‌‌                         
(SFs)‌ ‌of‌ ‌mathematical‌ ‌physics‌ ‌[1,2],‌ ‌have‌ ‌many‌ ‌important‌ ‌applications‌ ‌in‌ ‌physics‌ ‌and‌ ‌applied‌ ‌mathematics‌ ‌as‌‌                             
shown‌‌in‌‌standard‌‌textbooks‌‌(e.g.,‌‌[3]). ‌‌For‌‌several‌‌of‌‌these‌‌ODEs,‌‌Lagrangians‌‌were‌‌previously‌‌constructed‌‌[4-6].‌ ‌                               
More‌‌recently,‌‌the‌‌standard‌‌and‌‌non-standard‌‌Lagrangians‌‌for‌‌the‌‌ODEs‌‌with‌‌the‌‌SF‌‌solutions‌‌were‌‌derived‌‌[7]. ‌‌In‌‌                                   
this‌‌paper,‌‌a‌‌method‌‌is‌‌developed‌‌to‌‌derive‌‌the‌‌general‌‌standard‌‌Lagrangians‌‌(SLs)‌‌as‌‌well‌‌as‌‌the‌‌so-called‌‌general‌‌                                     
null‌ ‌Lagrangians‌ ‌(NLs),‌‌which‌‌identically‌‌satisfy‌‌the‌‌Euler-Lagrange‌‌(E-L)‌‌equation‌‌and‌‌can‌‌also‌‌be‌‌expressed‌‌as‌‌                               
the‌‌total‌‌derivative‌‌of‌‌a‌‌scalar‌‌function,‌‌also‌‌called‌‌a‌‌gauge‌‌function‌‌[8].‌‌The‌‌SLs‌‌depend‌‌on‌‌the‌‌square‌‌of‌‌the‌‌first‌‌                                           
derivative‌ ‌of‌ ‌the‌ ‌dependent‌‌variable‌‌(kinetic‌‌energy-like‌‌term)‌‌and‌‌the‌‌square‌‌of‌‌the‌‌dependent‌‌variable‌‌(potential‌‌                               
energy-like‌ ‌term).‌ ‌The‌ ‌NLs‌ ‌were‌ ‌studied‌ ‌in‌ ‌mathematics‌ ‌[9,10]‌ ‌and‌ ‌have‌ ‌also‌ ‌applied‌ ‌to‌ ‌elasticity‌ ‌[11],‌ ‌and‌‌                                 
Newtonian‌‌mechanics‌‌where‌‌they‌‌were‌‌used‌‌to‌‌introduce‌‌forces‌‌[12].‌ ‌However,‌‌the‌‌role‌‌of‌‌the‌‌NLs‌‌in‌‌ODEs‌‌with‌‌                                     
the‌‌SF‌‌solutions‌‌has‌‌not‌‌yet‌‌been‌‌fully‌‌explored;‌‌doing‌‌so‌‌is‌‌the‌‌main‌‌aim‌‌of‌‌this‌‌paper. ‌‌Our‌‌choice‌‌to‌‌focus‌‌on‌‌these‌‌                                               
ODEs‌‌is‌‌justified‌‌by‌‌their‌‌many‌‌physical‌‌applications‌‌familiar‌‌to‌‌graduate‌‌and‌‌undergraduate‌‌science‌‌students.  Our‌‌                             
results‌ ‌are‌‌applied‌‌to‌‌the‌‌Bessel,‌‌Hermite‌‌and‌‌Legendre‌‌equations‌‌as‌‌these‌‌specific‌‌SFs‌‌are‌‌used‌‌in‌‌many‌‌physical‌‌                                     
applications.‌ ‌Therefore,‌ ‌the‌ ‌presented‌ ‌results‌ ‌should‌ ‌be‌ ‌of‌ ‌interest‌ ‌to‌ ‌physicists,‌ ‌applied‌ ‌mathematicians‌ ‌and‌‌                           
engineers.‌ ‌ 

GENERAL‌ ‌STANDARD‌ ‌AND‌ ‌NULL‌ ‌LAGRANGIANS‌ ‌ 

Generalization‌ ‌ 

Let‌ ‌ ‌be‌ ‌a‌ ‌linear‌ ‌operator‌ ‌whose‌ ‌coefficients‌ ‌‌B(x)‌‌‌and‌‌‌C‌‌(x)‌‌‌are‌‌ordinary‌‌and‌‌  dx dx  D̂ = d2/ 2 + B (x) d/ + C (x)                            
smooth‌‌ ‌functions.‌‌If‌‌ ‌acts‌‌on‌‌‌y(x),‌‌‌which‌‌is‌‌‌also‌‌ordinary‌‌and‌‌smooth,‌‌then‌‌the‌‌resulting‌‌ODE‌‌can‌‌be‌‌written‌‌  C )( ∞       D̂                                  
in‌ ‌the‌ ‌following‌ ‌explicit‌ ‌form‌‌ ‌  

" B(x)y   C(x)y .  y +   ′ +   = 0 (1)‌ ‌ 
‌ 



By‌ ‌specifying‌ ‌the‌ ‌coefficients‌ ‌‌B(x)‌ ‌‌and‌ ‌‌C‌ ‌(x),‌ ‌‌all‌ ‌ODEs‌ ‌with‌ ‌the‌ ‌SF‌ ‌solutions‌ ‌are‌ ‌obtained‌ ‌and‌ ‌for‌ ‌these‌‌                                     
equations‌‌we‌‌derive‌‌the‌‌SLs‌‌and‌‌NLs.‌‌Let‌‌L‌n‌ ‌be‌‌a‌‌null‌‌Lagrangian‌‌and‌‌L‌s‌ ‌be‌‌a‌‌standard‌‌Lagrangian‌‌that‌‌is‌‌used‌‌to‌‌                                             
derive‌‌an‌‌ODE‌‌with‌‌the‌‌SF‌‌solutions.‌‌The‌‌NLs‌‌described‌‌above‌‌imply‌‌that‌‌the‌‌total‌‌Lagrangian‌‌L‌tot‌ ‌given‌‌by‌‌L‌tot‌‌=‌ ‌L‌s‌‌                                           
+‌‌L‌n‌ ‌leads‌‌to‌‌the‌‌same‌‌ODE‌‌as‌‌using‌‌L‌s‌ ‌‌only.‌ ‌In‌‌other‌‌words,‌‌the‌‌addition‌‌of‌‌L‌n‌‌‌does‌‌not‌‌change‌‌the‌‌outcome‌‌when‌‌                                               
the‌ ‌E-L‌ ‌is‌ ‌applied.‌ ‌In‌‌this‌‌paper,‌‌we‌‌develop‌‌a‌‌general‌‌method‌‌to‌‌drive‌‌the‌‌standard‌‌Lagrangians‌‌together‌‌with‌‌a‌‌                                       
new‌ ‌family‌ ‌of‌ ‌NLs‌ ‌that‌ ‌are‌ ‌used‌ ‌to‌ ‌find‌ ‌the‌ ‌corresponding‌ ‌gauge‌ ‌functions.‌‌ ‌  

The‌ ‌starting‌ ‌point‌ ‌of‌ ‌this‌ ‌method‌ ‌is‌ ‌to‌ ‌consider‌ ‌the‌ ‌general‌ ‌Lagrangian:‌‌ ‌  
‌ 

f f y fL (y , )′ y (x) , x = 2
1

1 (x) y 2′ + 2
1

2 (x) y ′ + 2
1

3 (x) y2 (2)‌ ‌ 
‌ 

where‌ ‌ ,‌ ‌ ,‌‌and‌‌ ‌are‌‌ordinary‌‌and‌‌smooth‌‌functions‌‌to‌‌be‌‌determined.‌‌This‌‌Lagrangian‌‌depends‌‌on‌‌  f 1 (x)   f 2 (x)     f 3 (x)                          
the‌ ‌square‌ ‌of‌ ‌the‌ ‌first‌ ‌derivative‌‌of‌‌the‌‌dependent‌‌variable‌‌(kinetic‌‌energy-like‌‌term),‌‌the‌‌square‌‌of‌‌the‌‌dependent‌‌                                   
variable‌ ‌(potential‌ ‌energy-like‌ ‌term)‌ ‌and‌ ‌on‌ ‌the‌ ‌mixed‌ ‌term‌ ‌with‌ ‌the‌ ‌dependent‌ ‌variable‌ ‌and‌ ‌its‌ ‌derivative.‌‌                               
Substituting‌ ‌the‌ ‌above‌ ‌Lagrangian‌ ‌into‌ ‌the‌ ‌E-L‌ ‌equation,‌ ‌we‌ ‌obtain:‌‌ ‌  

.  y′′ + ( f1

f ′1 ) y′ + 1
f1

f( 2
1 ′

2 − f 3) y = 0 (3)‌ ‌ 
‌ 

Comparing‌ ‌(1)‌ ‌and‌ ‌(3)‌ ‌we‌ ‌get‌ ‌ ‌and‌ ‌ ,‌ ‌which‌ ‌gives‌ ‌and‌‌            B (x) = f1

f ′1      C (x) = 1
f1

f( 2
1 ′

2 − f 3)       e Ef 1 = c1
(x)dx∫

 

 
B

= c1 s    

,‌‌where‌‌ ‌is‌‌the‌‌integration‌‌constant‌‌and‌‌ .‌‌Substituting‌‌ ‌f ff 3 = 2
1 ′

2 − C (x) · f 1 = 2
1 ′

2 − C (x) · (c E )1 s     c1             Es = e
(x)dx∫

 

 
B

    (x)f 1  
and‌ ‌  ‌into‌ ‌ we‌ ‌find:‌ ‌(x)f 3 L (y , , )′ y x ,    

L (y , , )′ y x = Ls (y , , )′ y x + Ln (y , , )′ y x (4)‌ ‌ 
‌ 

where‌ ‌ 
         L c E    s (y , , )′ y x = 2

1
1 s (x) y[ 2′ (x) − C (x) y2 (x)] (5)‌ ‌ 

‌ 
and‌‌ ‌  

            L y    n (y , x)′ y′ = 2
1 (x) f[ 2 (x) y′ (x) + f2

1 ′
2 (x) y (x)] (6)‌ ‌ 

‌ 
with‌ ‌ ‌being‌ ‌a‌ ‌combination‌ ‌of‌ ‌the‌ ‌general‌ ‌standard‌ ‌Lagrangian‌ ‌ and‌ ‌the‌ ‌general‌ ‌null‌‌  L (y , , )′ y x                    Ls (y , , )′ y x          
Lagrangian‌ ‌ .‌ ‌It‌ ‌must‌ ‌be‌ ‌noted‌ ‌that‌ ‌ generalizes‌ ‌the‌ ‌Caldirola-Kanai‌ ‌(CK)‌ ‌Lagrangian‌‌   Ln (y , , )′ y x              Ls (y , , )′ y x            
[13,14]‌‌and‌‌it‌‌reduces‌‌to‌‌the‌‌CK‌‌Lagrangian‌‌when‌‌ ‌and‌‌ ‌this‌‌SL‌‌also‌‌describes‌‌a‌‌                  onst.B (x) = b = c     onst;C (x) = c = c            
harmonic‌ ‌oscillator‌ ‌with‌ ‌time‌ ‌dependent‌ ‌mass‌ ‌and‌ ‌spring‌ ‌constant.‌ ‌ 

General‌ ‌Gauge‌ ‌Functions‌ ‌ 

Having‌ ‌obtained‌ ‌the‌ ‌general‌ ‌null‌ ‌Lagrangian,‌ ‌we‌ ‌now‌ ‌derive‌ ‌its‌ ‌general‌ ‌gauge‌ ‌function‌ ‌  ‌using:‌ ‌ ϕ  

f (x)y (x) f (x)y(x)y (x) ​∣ ​∣ (x).Lnull = 4
1 ′

2
2 + 2

1
2

′ = dx
dϕ = ∂x

∂ϕ
y=c + ∂y

∂ϕ
x=c · y′ (7)‌ ‌ 

‌ 
Which‌ ‌gives,‌ ‌ 

f  ϕ = 4
1

2 (x) y2 (x) . (8)‌ ‌ 
‌ 

With‌ ‌‌f‌2‌ ‌‌(x)‌ ‌‌being‌ ‌arbitrary,‌ ‌the‌ ‌following‌ ‌three‌ ‌cases‌ ‌may‌ ‌be‌ ‌considered:‌ ‌ 

i) ‌               →L                                  f 2 = 0 S = LS,min (trivial case)  
ii) ‌onstant →L  f 2 = c mid = LS,mid + Ln,mid  

iii) ‌              →Lf 2 = f ′1 max = LS,max + Ln,max  



Substituting‌ ‌each‌ ‌of‌ ‌the‌ ‌cases‌ ‌in‌ ‌our‌ ‌gauge‌ ‌equation‌ ‌(8),‌ ‌we‌ ‌get‌ ‌our‌ ‌three-gauge‌ ‌functions‌ ‌respectively:‌ ‌ 

i) ‌f                                                            No gauge function  ϕ = 4
1

2 (x) y2 (x) = 0  
ii) ‌f y                   V ariable gauge functionϕ = 4

1
2 (x) y2 (x) = 4

1 · c · y2 (x) = c2
2 (x)    

iii) ‌c (x)                            Max variable gauge function            ϕ = ϕmax = 4
1

1 · Es (x) · B (x) · y2  

APPLICATIONS‌‌ ‌  

Applications‌ ‌of‌ ‌our‌ ‌results‌ ‌to‌ ‌selected‌ ‌ODEs‌ ‌with‌ ‌the‌ ‌SF‌ ‌solutions‌ ‌are‌ ‌summarized‌ ‌in‌ ‌the‌ ‌following‌ ‌table.‌ ‌ 

                                                           ‌  ‌TABLE‌ ‌1.‌ ‌ 

‌ 
By‌ ‌selecting‌  ‌  ‌and‌ ‌  ‌different‌ ‌(regular,‌ ‌modified,‌ ‌spherical‌ ‌and‌ ‌spherical‌ ‌modified)‌ ‌Bessel‌ ‌equations‌ ‌are‌ ‌obtained.‌ ‌α ,  β γ  

CONCLUSION‌ ‌ 

We‌‌considered‌‌the‌‌linear‌‌second-order‌‌ODEs‌‌whose‌‌solutions‌‌are‌‌given‌‌by‌‌the‌‌SF‌‌of‌‌mathematical‌‌physics,‌‌and‌‌                                 
derived‌ ‌general‌ ‌standard‌ ‌and‌ ‌null‌ ‌Lagrangians.‌ ‌The‌ ‌obtained‌ ‌Lagrangians‌ ‌are‌ ‌new‌ ‌and‌ ‌they‌ ‌generalize‌ ‌those‌‌                             
previously‌‌found.‌‌The‌‌derived‌‌gauge‌‌functions‌‌are‌‌also‌‌new.‌‌The‌‌obtained‌‌results‌‌are‌‌applied‌‌to‌‌the‌‌Bessel,‌‌Hermite‌‌                                   
and‌ ‌Legendre‌ ‌equations,‌ ‌thus,‌ ‌they‌ ‌are‌ ‌of‌ ‌primary‌ ‌interests‌ ‌to‌ ‌physicists‌ ‌and‌ ‌applied‌ ‌mathematicians.‌ ‌The‌‌                             
presented‌ ‌results‌ ‌can‌ ‌be‌ ‌easily‌ ‌applied‌ ‌to‌ ‌any‌ ‌ODE‌ ‌with‌ ‌the‌ ‌SF‌ ‌solutions.‌ ‌ 
‌ 
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